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TWO-SIDED CONFIGURATION EQUIVALENCE AND
ISOMORPHISM
ALI REJALI AND MEISAM SOLEIMANI MALEKAN
Abstract. The concept of configuration was first introduced to
give a characterization for the amenability of groups. Then the
concept of two-sided configuration was suggested to provide nor-
mality to study the group structures more efficiently. It has been
interesting that for which groups, two-sided configuration equiva-
lence would imply isomorphism. We introduce a class of groups,
containing polycyclic and FC groups, which for them, the notions
of two-sided configuration equivalence and isomorphism coincide.
1. Introduction and definitions
In the present paper, all groups are assumed to be finitely generated.
Let G be a group, we denote the identity of the group G by eG. We
refer the readers to [18] for terminology and statements used in finitely
generated groups.
The notion of a configuration for a locally compact group G, was
introduced in [14]. It was shown in that paper that amenability of G
may be characterized by configuration.
Let g = (g1, . . . , gn) be an ordered generating set and E = {E1, . . . , Em}
be a finite partition of a group G. A configuration C corresponding
to (g, E), is an (n + 1)-tuple C = (c0, . . . , cn) whose components are
in {1, . . . , m} and there are x0, x1, . . . , xn in G such that xk ∈ Eck ,
k = 0, 1, . . . , n, and xk = gkx0, k = 1, . . . , n. In this case, we say that
(x0, x1, . . . , xn) has the configuration C.
For g and E as above, we call (g, E) a configuration pair. The set of
all configurations corresponding to the configuration pair (g, E) will be
denoted by Con(g, E). The set of all configuration sets of G, is denoted
by Con(G).
Date: July 20, 2017.
2010 Mathematics Subject Classification. 20F05, 20F16, 20F24, 43A07.
Key words and phrases. Configuration, Two-sided Configuration, Finitely pre-
sented Groups, Hopfian Groups, FC–Groups, Polycyclic Groups, Nilpotent Groups.
The authors would like to express their gratitude toward Banach Algebra Center
of Excellence for Mathematics, University of Isfahan.
1
TWO-SIDED CONFIGURATION EQUIVALENCE AND ISOMORPHISM 2
A group G is configuration contained in a group H , written G -
H , if Con(G) ⊆ Con(H), and two groups G and H are configuration
equivalent, written G ≈ H , if Con(G) = Con(H).
In [1], the authors showed that finiteness and periodicity are the
properties which can be characterized by configuration. In [1] and [2],
the authors proved that for two equivalent groups, the isomorphism
classes of their finite or Abelian quotients were the same. Also, it was
shown in [1] that two configuration equivalent groups should satisfy
in the same semi-group laws, and in [3] we generalized this result by
proving that same group laws should be established in configuration
equivalent groups. Hence, in particular, being Abelian and the group
property of being nilpotent of class c are another properties which can
be characterized by configuration (see [1] and [2]). In [2], it was shown
that if G ≈ H , and G is a torsion free nilpotent group of Hirsch length
h, then so is H . It is interesting to know the answer to the question
whether being FC-group is conserved by equivalence of configuration;
in [2], it was answered under the assumption of being nilpotent, but
in [3] it was affirmatively answered without any extra hypothesis. In
addition, it was shown in that paper that the solubility of a group G
can be recovered from Con(G).
We also interested to investigate in which subclasses of the classG of
all groups, does configuration equivalence coincide with isomorphism?
In [1], this question was answered positively for the class of finite, free
and Abelian groups. In [2], it was shown that those groups with the
form of Zn × F , where Z is the group of integers, n ∈ N and F is
an arbitrary finite group, are determined up to isomorphism by their
configurations. In [2], it was proved that if G ≈ D∞, where D∞ is the
infinite dihedral group, then G ∼= D∞.
In [3], we pointed out that it was the existence of “golden” config-
uration pairs which implies isomorphism. Indeed, we showed that in
the class of finitely presented Hopfian groups with golden configuration
pair, configuration equivalence coincided with isomorphism.
Consider a configuration pair (g, E) for a group G, a two-sided config-
uration corresponding to this pair is an (2n+1)-tupleC = (c0, c1, . . . , c2n)
satisfying ci ∈ {1, . . . , m}, i = 0, 1, . . . , 2n, and there exists x ∈ Ec0
such that gix ∈ Eci and xgi ∈ Eci+n for each i ∈ {1, . . . , n}.
We denote the set of all two-sided configurations corresponding to the
configuration pair (g, E) by Cont(g, E), and the set of all configuration
sets of G by Cont(G).
The concept of being two-sided configuration contained and two-sided
configuration equivalence are defined in a similar manner, and denoted
by symbols “-t” and “≈t”, respectively.
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Let G be a group with a generating set g = (g1, . . . , gn) and a par-
tition E = {E1, . . . , Em}. Then g
−1 := (g−11 , . . . , g
−1
n ) is another gener-
ating set of G. Also, if g ∈ G then
E−1 := {E−11 , . . . , E
−1
m } and Eg := {E1g, . . . , Emg}
are partitions of G. A simple calculation shows that Con(g, E) =
Con(g, Eg) for every g ∈ G. Let y ∈ G and Ei ∈ E . Working with
Con(g, E), we can assume that y ∈ Ei. This assumption is no longer
true for two-sided configuration sets. Let (h,F) be a configuration
pair for a group H with Cont(g, E) = Cont(h,F). Then, equations
Con(g, E) = Con(h,F) and Con(g−1, E−1) = Con(h−1,F−1) are hold
and hence, ifG≈tH thenG ≈ H . We do not know whether the converse
of this implication holds true or not?
We show that normality in a group is conserved under two-sided
configuration equivalence. The conditions in the definition of golden
configuration pair, [3, Definition 4.1], are difficult to be investigated.
We can reduce these conditions in the context of two-sided configura-
tion to get a new definition of golden configuration pair, and show that
there are many groups satisfied in our definition. We show that if G
and H have the same two-sided configuration sets and N is a normal
subgroup of G such that G/N is finitely presented and has a golden
configuration pair, then there is a normal subgroup N of H such that
G/N ∼= H/N; as a consequence of this fact, for the class of groups which
are finitely presented and Hopfian with golden configuration pair, two
notions of two-sided configuration equivalence and isomorphism coin-
cided. This class of groups, contains many well-known class of groups,
such as finite, free, abelian, nilpotent, FC, and polycyclic groups. We
will define a new class of groups, called polynomial type groups, which
have golden configuration pairs. Also, all groups which have a finite
subnormal series such that all its factors are polynomial type admit a
golden configuration pair.
2. Preliminaries
We devote this section to provide the preliminaries and notations
needed in the following sections;
Following [3], let G and H be two groups with generating sets g and
h, respectively. Suppose that, for partitions E = {E1, . . . , Em} and
F = {F1, . . . , Fm} of G and H respectively, the equality Cont(g, E) =
Cont(h,F), or Con(g, E) = Con(h,F), established. Then we may say
that Ei is corresponding to Fi, and write Ei! Fi, i = 1, . . . , m.
Let G be a group with g = (g1, . . . , gn) as its ordered generating set.
Let p be a positive integer, let J and ρ be p-tuple with components in
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{1, 2, . . . , n} and {±1}, respectively. We denote the product
∏p
i=1 g
ρ(i)
J(i)
by W (J, ρ; g). We call the pair (J, ρ) a representative pair on g and
W (J, ρ; g) a word corresponding to (J, ρ) in g.
The reader confirms that if g in the above notation is an ordered
subset of G instead of being a generating set, then W (J, ρ; g) can be
defined as well.
For an arbitrary multiple J , we denoted its components number by
l(J).When we speak of a representative pair (J, ρ) we assume the same
number of components for J and ρ. If J = (J(1), . . . , J(p)), and ρ =
(ρ(1), . . . , ρ(p)), where p is a positive integer, we set
J−1 := (J(p), . . . , J(1)) and ρ−1 := (−ρ(p), . . . ,−ρ(1))
For positive integers pi, if Ji is a pi-tuple, i = 1, 2, J1 ⊕ J2 is a
(p1 + p2)-tuple that has J1 as its first p1 components, and J2 as its
second p2 components. it can be easily investigated that
(1) W (J1, ρ1; g)W (J2, ρ2; g) = W (J1 ⊕ J2, ρ1 ⊕ ρ2; g)
(2) W (J, ρ; g)−1 = W (J−1, ρ−1; g)
For a σ-algebraA, we define Cont(g,A) to be Cont(g, atom(A)), where
atom(A) is the collection of atomic sets in A.
For a finite collection C of subsets of G, the σ-algebra generated by
elements of C is denoted by σ(C) and is finite.
Let E := {E1, . . . , Em} and F := {F1, . . . , Fm} be partitions of G
and H respectively, such that Ei ! Fi, i = 1, . . . , m. For A ∈ σ(E)
and B ∈ σ(F), we say A is corresponding to B, written A! B, when
{k : Ek ∩ A 6= ∅} = {k : Fk ∩ B 6= ∅}
If A! B, and A = Ei1 ∪ · · · ∪ Eij , then B = Fi1 ∪ · · · ∪ Fij . By an
argument as used in Lemma 2.2 of [3], one can show that
Lemma 2.1. Let G and H be two groups with finite σ-algebras A and B
and generating sets g = (g1, . . . , gn) and h = (h1, . . . , hn), respectively,
such that Cont(g,A) = Cont(h,B). Consider A1, A2 ∈ A and B1, B2 ∈
B with Ai! Bi, i = 1, 2. We have:
(1) If grA1 ⊆ A2, then hrB1 ⊆ B2,
(2) If A1gr ⊆ A2, then B1hr ⊆ B2,
(3) If grA1 = A2, then hrB1 = B2,
(4) If A1gr = A2, then B1hr = B2,
for r ∈ {1, . . . , n}.
Let G and H be two groups. Consider partitions E = {E1, . . . , Er}
and F = {F1, . . . , Fr} of G and H , respectively, and their refinements
E ′ = {E ′1, . . . , E
′
s} andF
′ = {F ′1, . . . , F
′
s}
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We say that (E ′, E) and (F ′,F) are similar and write (E ′, E) ∼ (F ′,F),
if
{l : Ek ∩ E
′
l 6= ∅} = {l : Fk ∩ F
′
l 6= ∅} (k = 1, . . . , r)
In other words, if Ek =
⋃t
j=1E
′
ij
, then we have Fk =
⋃t
j=1 F
′
ij
.
For σ-subalgebras A′ and B′ of σ-algebras A and B, respectively, we
say (A,A′) and (B,B′) are similar, written (A,A′) ∼ (B,B′), if
(atom(A), atom(A′)) ∼ (atom(B), atom(B)′)
A similar argument as in used in the proof of [3, Lemma 3.2.], ensures
that:
Lemma 2.2. let G and H be two groups. Assume that (g, E) and (h,F)
are two configuration pairs for G and H, respectively, and let E ′ and F ′
be their similar refinements such that Cont(g, E
′) = Cont(h,F
′). Then
Cont(g, E) = Cont(h,F).
3. Two-sided configuration of finitely presented Hopfian
groups
Working with two-sided configuration, we will see that we are pro-
vided with a normality in the following sense:
Definition 3.1. Let G be a group and E ⊆ G. We say that E is a
normal subset of G, if
(1) Eg = gE (g ∈ G)
It is obvious that if g = (g1, . . . , gn) is a generating set of G, then we
can reduce equations in (1) to
Egi = giE (i = 1, . . . , n)
Let G be a group and, N be a normal subgroup of G. We denote by
q := qN the quotient map. For a partition E of G/N and a generating
set g = (g1, . . . , gn) of G, it is evident that q
−1(E) := {q−1(E) : E ∈ E}
is a partition of G and q(g) = (q(g1), . . . , q(gn)) is a generating set of
G/N .
We know by [18, Theorem 1.1] that two finitely generated groups are
isomorphic, if they satisfy in the same relations. So, if for a group G,
two-sided configuration equivalence leads to isomorphism, then at least
one of the presentations of each non-identity element should be recov-
ered by the configuration set of the group. This recovery is precisely
what we mean by a “golden configuration pair”:
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Definition 3.2. Let G be a group with a generating set g. Consider a
normal subgroupN ofG and a partition E ofN . We say that (g, q−1(E))
is golden w.r.t. N , if E contains {eG/N} and there exist representative
pairs (Jg, ρg), g ∈ G \N , such that
(1) q(g) =W (Jg, ρg; q(g)),
(2) If Cont(g, q
−1(E)) = Cont(h,F), for a configuration pair (h,F)
of a groups H , then
W (Jg, ρg; h)M ∩M = ∅
where M ∈ F is corresponding to N .
We say that a configuration pair (g, E) of G is golden when (g, E) is
a golden configuration pair w.r.t. N = {eG}.
As a consequence of Lemma 2.2, one can easily show that (see [3,
Lemma 3.3.]):
Lemma 3.3. Let G be a group with a normal subgroup N . Assume
that (g, q−1(E)) is a golden configuration pair w.r.t. N . Then for each
refinement E ′ of E , the configuration pair (g, q−1(E ′)) is golden w.r.t.
N .
Using this lemma, we have:
Lemma 3.4. Let N be a normal subgroup of a group G such that G/N
is finitely presented. Suppose that G has a golden configuration pair,
(g, q−1(E)), w.r.t. N . Then there is a refinement E ′ of E such that
if Cont(g, q
−1(E ′)) = Cont(h,F), for a configuration pair (h,F) of a
groups H, and M ∈ F is corresponding to N , then M will be a normal
subset and
W (J, ρ; h)M ∩M = ∅
when W (J, ρ; g) 6∈ N .
Proof. By Lemma 3.3, it suffices to show that there exists a refinement
E ′ of E , such that the map W (J, ρ; g)N 7→W (J, ρ; h)M will be a well-
defined function on the cosets of N .
Suppose that g = (g1, . . . , gn). Let {W (Ji, σi; q(g)) : i = 1, . . . , m}
be a set of defining relators of G/N , and
F := {(Ji, σi) : i = 1, . . . , m} ∪ {((j), (1)) : j = 1, . . . , n}
Assume that k := max{l(J) : (J, ρ) ∈ F}, and set
S : = {(J, ρ) : l(J) ≤ 3k}
S0 : = {(J, ρ) : l(J) ≤ k}
Now, consider a refinement E ′ which contains singleton sets {W (J, ρ; q(g))},
(J, ρ) ∈ S. Let (h,F) be a configuration pair for a group H , such that
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Cont(g, q
−1(E ′)) = Cont(h,F) and consider M ∈ F to be a set that
N ! M . We see that Ngi = N = giN , i = 1, . . . , n. By (3) and (4)
in Lemma 2.1, M is a normal subset of H . Also, by induction on l(J),
one can show that
W (J, ρ; h)M = M(J, ρ), (J, ρ) ∈ S0
where M(J, ρ) is an element of F corresponding to W (J, ρ; g)N . So,
in particular, we have
W (Ji, ρi; h)M = M, i = 1, . . . , m
Let (J, ρ) and (I, δ), be two representative pair, and takeWi =W (Ji, ρi; h),
i = 1, . . . , m. As M is normal, and WiM =M , it can be seen that
W (J, ρ; h)W±i W (I, δ; h)M =W (J ⊕ I, ρ⊕ δ; h)M
This shows that the above function is well-defined. 
By this lemma, we state and prove the key lemma of the paper:
Lemma 3.5. Let G and H be two groups such that G≈tH. Suppose
that for a normal subgroup N of G the quotient G/N is finitely pre-
sented and G has a golden configuration pair w.r.t. N . Then, there is
a normal subgroup N of H such that G/N ∼= H/N.
Proof. Assume that (g, q−1(E)) is a golden configuration pair w.r.t. N .
Suppose that Cont(g, q
−1(E)) = Cont(h,F) and N ! M ∈ F . By
the preceding lemma, we can assume that M is a normal subset and
W (J, ρ; h)M ∩M = ∅ when W (J, ρ; g) 6∈ N . Define
N = HM := {h ∈ H : hM = M}
By normality of M , we understand that N is a normal subgroup of
H . Moreover, one can check that for a representative pair (J, ρ),
W (J, ρ; h)M ∩ M 6= ∅ if and only if W (J, ρ; g)N = N , and the last
one is equivalent to W (J, ρ; h) ∈ N. We claim that M is a coset of N;
first, suppose that M intersects two different cosets of N, so there are
x and y in M with yx−1, y 6∈ N. Let (J, ρ) be a representative pair
such that yx−1 = W (J, ρ; h). Then y ∈ W (J, ρ; h)M ∩M , therefore
W (J, ρ; h) ∈ N, this is a contradiction. So, there is an x ∈ H such
that M ⊆ Nx. If h ∈ N, then h fixes Mz−1, z ∈ M , under the left
multiplication. But the last set contains eH , hence h ∈ Mz
−1, and
therefore Nz ⊆M ⊆ Nx. This implies that M = Nx.
The map
G→ H/N, W (J, ρ; g) 7→W (J, ρ; h)N
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along with the explanation at the beginning of the proof gives an epi-
morphism which has N as its kernel; so, G/N and H/N are isomor-
phic. 
Remark 1. (a) We proved that M = Nx for an x ∈ H . By normality
of M , we conclude that Nxh = Nx, for every h ∈ H . Therefore
qN(x) ∈ Z(H/N), where Z stands for the center of the group H/N.
(b) If M contains the identity of H , then by the above Lemma, N is
nothing but M . This means that M should be a subgroup of H . But
there is no reason to say that M should contain eH , so it is not true to
consider such an assumption, as it was in proofs of statements in the
last section of [5].
(c) Lemma 3.5, is indeed a generalization of [1, Lemma 6.3] and [2,
Proposition 2.2], absolutely in the context of two-sided configuration.
The main consequence of this lemma is:
Let G be a finitely presented group with a golden configuration pair.
Assume that for a group H we have G ≈t H . Then G is isomorphic
to a quotient of H . In addition, if M is a singleton subset of H , then
G ∼= H .
Now, we state and prove the main theorem of this section (compare
with [3, Proposition 3.5.]):
Theorem 3.6. Let G be a finitely presented Hopfian group with a
golden configuration pair, and H be a group which G ≈t H. Then
G ∼= H.
Proof. Let (g, E) be a golden configuration pair. Assume that Cont(g, E) =
Cont(h,F), for a configuration pair (h,F) of H . Let M ∈ F be such
that {eG}!M . Without loss of generality, we can assume that M is
a normal subset and W (J, ρ; h)M ∩M = ∅ when W (J, ρ; g) 6∈ N .
By Remark 1.(c), if M is singleton, then we’ve done. Seeking a con-
tradiction, let us suppose that M = M1 ∪M2, where M1 and M2 are
nonempty disjoint subsets. Consider the following partition of H ,
F ′ = {M1,M2} ∪ (F \ {M})
There is a configuration pair (g′,K′) of G such that Cont(h,F
′) =
Cont(g
′,K′). Make K′ coarser to get a partition K such that (K′,K) ∼
(F ′,F). By Lemma 2.2,
Cont(g, E) = Cont(h,F) = Cont(g
′,K)
If {eG} ! K, for K ∈ K, then K = K1 ∪ K2, where Ki ! Mi,
i = 1, 2. Since G is Hopfian, by Lemma 3.5 and Remark 1.(c), we get
KG = {g ∈ G : gK = K} = {eG}, and this is equivalent to |K| = 1,
which is impossible. 
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In the next section, we will see that there are many groups with
golden configuration pair.
4. Groups with golden configuration pairs
Let ς be a finite-range function on a group G/N . we will denote the
range of ς by {ς1, . . . , ςm}. Set E(ςi) := q
−1(ς−1(ςi)), i = 1, . . . , m. The
partition E := {E(ςi) : i = 1, . . . , m} of G is called the ς-partition of
G.
Definition 4.1. Let N be a normal subgroup of a group G. We say
that G admits a golden system w.r.t. N , if there exist a generating
set g of G, a set of representative pairs, {(Jg, ρg) : g ∈ G \N}, and a
finite-range function ς on G/N with following properties:
(1) q(g) =W (Jg, ρg; q(g)), g ∈ G \N ,
(2) E(ς(eG/N )) = N ,
(3) Let E be the ς-partition ofG. If we have Cont(g, E) = Cont(h,F),
for a configuration pair (h,F) of a group H , and we denote by
F (ςi) an elements in F corresponding to E(ςi), i = 1, . . . , m,
then
W (Jg, σg; h)F (ς(eG/N)) ⊆ F (ς(q(g)))
We call the triple (g, ς, {(Jg, ρg)}g) the golden system w.r.t. Nand
(Jg, ρg) the golden representative pair of q(g).
We say that a group G admits a golden system, if it admits a golden
system w.r.t. {eG}.
It is evident that a group G admits a golden system w.r.t. a normal
subgroup N , if and only if G/N admits a golden system.
The importance of this definition will appear in the following propo-
sition:
Proposition 4.2. Let N be a normal subgroup of a group G, and
(g, ς, {(Jg, ρg)}g) be a golden system w.r.t. N . If E is the ς-partition of
G, then (g, E) will be a golden configuration pair w.r.t. N .
Proof. E is in the form of q−1(P), for the partition
P = {{q(g) : ς(q(g)) = ςi} : i = 1, . . . , r}
of G/N . It is evident by this point that (g, E) becomes a golden con-
figuration pair. 
We list below classes of groups which admits a golden systems:
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4.1. Finite groups. A group G with a finite quotient, say G/N , ad-
mits a golden system w.r.t. N . By [1, Lemma 6.2.], we know that
there is a generating set g = (g1, . . . , gn) of G such that G/N =
{q(g1) = eG/N , q(g2), . . . , q(gn)}. For g ∈ G, if q(g) = q(gi), for the
smallest index i, i = 1, . . . , n, then we will take Jg = i, ρi = 1, and
ς(q(g)) = i. we claim that (g, ς, {(Jg, ρg)}g) is a golden system. We
have q(g) = q(gi) = W (Jg, ρg; q(g)), g ∈ G, and, E(ς(g)) = giN = gN .
Since
W (Jg, ρg; g)E(ς(eG/N )) = giN = E(ς(q(g)))
then by Lemma 2.1, (3) in the Definition 4.1 holds.
In particular, all finite groups admit a golden system.
4.2. Polycyclic groups. Terminologies of polycyclic groups are as in
[9].
Let A be a polycyclic group, and A = A1 D · · · D An+1 = {eA} be a
polycyclic series for A. For 1 ≤ i ≤ n, let ai be an element of Ai whose
image in Ai/Ai+1 generates that group. The sequence a := (a1, . . . , an)
will be called a polycyclic generating set of A. By the proof of [9,
Chapter 9; Proposition 3.5], Ai = 〈ai, . . . , an〉 and every element a of
Ai can be expressed in the form
∏n
j=i a
αj
j , where the exponents αj are
integers. Let I denote the set of subscripts i such that Ai/Ai+1 is finite,
and let mi = |Ai : Ai+1|, the order of ai relative to Ai+1, if i is in I. It
shall be normally assumed that the generating set is not redundant in
the sense that no ai is in Ai+1. Thus mi > 1 for each i ∈ I. We shall
say that the expression for a is a collected word if 0 ≤ αj ≤ mj for j in
I, and the representative pair corresponds to a collected word called a
collected representative pair. Each element of A can be described by a
unique collected word in the generators a1, . . . , an.
Assume that (Ja, ρa) is the collected representative pair of a ∈ A \
{eA}. For a ∈ A \ {eA}, let
∏n
j=1 a
αj
j be its collected word, set ς(a) =
(ω1, . . . , ωn), where ωj = αj , if j ∈ I, and for j not in I, ωi is 0, 1 or
−1, depending on whether αj is zero, positive or negative, respectively.
Also, put ς(eG) = o, the n-tuple whose all components are zero. It is
obvious that there are finitely many elements in ς(A), say ς0, ς1, . . . , ςm,
where ς0 = ς(eG).
We claim that (a, ς, {(Ja, ρa)}a) is a golden system for A. Suppose
that Cont(a, E) = Cont(b,F), for a configuration pair (b,F) of a group
B, and we denote by F (ς(a)) an element in F corresponding to E(ς(a)),
a ∈ A.
Let
∏n
j=1 a
αj
j be the collected word of a ∈ A \ {eA}. For x ∈ A, with
collected word
∏n
j=i a
αj
j , we have:
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(i) If i ∈ I, then aiE(ς(x)) = E(ς(aix)),
(ii) If k < i with k ∈ I, then akE(ς(x)) = E(ς(akx)),
(iii) If k < i with k 6∈ I, then ak (E(ς(x)) ∪ E(ς(akx))) = E(ς(akx)).
(iv) If i 6∈ I, and αi < 0, then
aiE(ς(x)) = E(ς(x)) ∪ E
(
ς
(
n∏
j=i+1
a
αj
j
))
,
(v) If i 6∈ I, and αi > 0, then
ai
(
E(ς(x)) ∪ E
(
ς
(
n∏
j=i+1
a
αj
j
)))
= E(ς(x)).
By (i)-(v), induction on l(Ja) and using Lemma 2.1, we can easily prove
that
W (Ja, ρa; b)F (ς(eA)) ⊆ F (ς(a)).
It is not difficult to show that if a group G has a normal subgroup N
such that G/N is polycyclic, then G will admit a golden system w.r.t.
N .
4.3. Polynomial type groups. Let P := P (x1, . . . , xn) be a poly-
nomial in Z[x1, . . . , xn] without a constant term and without negative
coefficients. Let {G1, . . . , Gn} be a collection of groups each of them
is polycyclic or finite. We denote by P (G1, . . . , Gn) a group obtained
from P , by putting Gi instead of xi, i = 1, . . . , n, free product instead
of multiplication and direct product instead of addition. For example,
set P (x, y) = xy3+2x2y, then for polycyclic or finite groups G and H ,
P (G,H) denotes the group (G ∗H ∗H ∗H)⊕ (G ∗G ∗H)⊕ (G ∗G ∗H).
We mean such a group by a polynomial type group.
Consider groups G and H with golden systems (g, ςG, {(Jg , ρg)}g) and
(h, ςH , {(Jh, ρh)}h), resp. The following two procedures will be used in ob-
taining a golden system for polynomial type groups:
1. Free product. For a non-identity element z in G ∗H, let z1 . . . zs be
its reduced word expression in G and H. Then define ςG∗H(z) to be ςG(z1)
or ςH(z1) according to z1 ∈ G or z1 ∈ H, respectively. For the identity
element, put ςG∗H(eG∗H) = 0.
2. Direct product. For (g, h) ∈ G⊕H, set ςG⊕H(g, h) := (ςG(g), ςH (h)).
A polynomial type group admits a golden system. First Note that:
Free product of finitely many poycyclic or finite groups admits a golden
system; let A1, . . . , Ar be polycyclic groups and F1, . . . , Fs be finite groups.
Set G = A1 ∗· · ·∗Ar ∗F1 ∗· · ·∗Fs. Assume that (ai, ςAi , {(Ja, ρa)}a) is a golden
system of Ai, i = 1, . . . , r, gained in 4.2, and (bj , ςFj , {(Jx, ρx)}x) is a golden
system of Fj , j = 1, . . . , s as obtained in 4.1. Hence,
g = (g1, . . . , gn) := a1 ⊕ · · · ⊕ ar ⊕ b1 ⊕ · · · ⊕ bs
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is a generating set of G. Iterating the first procedure above, for free product,
we get a function ς on G. For a non-identity g ∈ G, let z1 · · · zk be its reduced
word expression, and consider the representative pair (Jg, ρg) such that
W (Jg, ρg; g) =
k∏
i=1
Wi.
where Wi, i = 1, . . . , k, is the word corresponding to the golden represen-
tative pair of zi. Then, like the argument used in 4.2, one can show that
(g, ςG, {(Jg , ρg)}g) is a golden system of G.
Using the second procedure, and the preceding paragraph, it can be easily
seen that a polynomial type group admits a golden system.
4.4. Groups which have a subnormal series such that its factors
are polynomial type. let G be a group which has a subnormal series,
(2) Nk = {eG}ENk−1 E · · ·EN0 = G
each of its factor is polynomial type. Suppose that qi : Ni → Ni/Ni+1 is the
quotient map and ai is an ordered subset of Ni, such that(
qi(ai), ς
(i),
{(
Jqi(g), ρqi(g)
)}
g
)
is a golden system of Ni/Ni+1, where the index g ranges over Ni \ Ni+1,
i = 0, . . . , k − 1. One can see that gi := ai ⊕ · · · ⊕ ak−1 is a generating set
of Ni, i = 0, . . . , k − 1; for g ∈ Ni, put g1 = g, take an index i1 such that
g ∈ Ni1 \Ni1+1, so, there is g2 ∈ Ni1+1 with
g1 =W (Jqi1 (g1), ρqi1 (g1); ai1)g2.
Continuing this process, we can find g3, g4, ..., gs and indices i1 < i2 < · · · <
is, such that
g1 =
s∏
j=1
W (Jqij (gj), ρqij (gj); aij ).
Therefore, g = g0 := (g1, . . . , gn) is a generating set of G. Now, for a
non-identity g ∈ G, let
g =
r∏
j=1
W
(
Jqij (gj), ρqij (gj); aij
)
be an expression, obtained by the above procedure, so i1 < i2 < · · · < ir,
and gj ∈ Nij \Nij+1. Define
ς(g) := ς(i1)(qi1(g1))
and consider representative pair (Jg, ρg) so that
W (Jg, ρg; g) :=
r∏
i=1
W
(
Jqij (gj), ρqij (gj); aij
)
By part 4.3, we see that (g, ς, {(Jg , ρg)}) is a golden system for G.
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4.4.1. Polycyclic-by-finite groups. Recall that a polycyclic-by-finite group,
is a group which has a polycyclic normal subgroup of finite index, hence,
by the above explanation, every polycyclic-by-finite group admits a golden
system.
4.4.2. FC-groups. If a finitely generated group G has a finite commutator
subgroup, then G admits a golden system by 4.4. Since FC-groups have
finite commutator subgroups, every FC-group admits a golden system.
We now state the main results of this paper, obtained from Lemma 3.5,
Theorem 3.6, Proposition 4.2 and the fact that all poycyclic or finitely gen-
erated FC groups are finitely presented:
Theorem 4.3. Let G be a finitely presented Hopfian group with a golden
system. Then a group H which G≈tH is isomorphic to G.
Corollary 4.4. (a) Let G be either a polycyclic or an FC group, and G≈tH
for a group H. Then G ∼= H.
(b) Let N be a normal subgroup of a group G such that the quotient G/N
is either a polycyclic or an FC group. If G≈tH for a group H, then there
exist a normal subgroup N of H such that G/N ∼= H/N.
Remark 2. In [4, Theorem 4.3], we proved that there exist non-isomorphic
soluble groups G and H with same two-sided configuration sets.
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